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Abstract
It is shown that on the de Sitter space-time the global behavior of
the free Dirac spinors in momentum representation is determined by
several phases factors which are functions of momentum with special
properties. Such suitable phase functions can be chosen for writing
down the free Dirac quantum modes of the spin basis that are well-
defined even for the particles at rest in the moving local charts where
the modes of the helicity basis remain undefined. Under quantization
these modes lead to a basis in which the one-particle operators keep
their usual forms apart from the energy operator which lays out a
specific term which depend on the concrete phase function one uses.
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The quantum fields with spin half on curved manifolds are less stud-
ied because of the asperities of the gauge-covariant theory in non-holonomic
frames where these fields can be defined [1, 2]. For this reason we are left
with some delicate questions to address even in the case of the de Sitter
space-time where the free field equations can be analytically solved. One of
them is related to the definition of the quantum modes in momentum repre-
sentation of the particles which stay at rest in a given local chart. We discuss
here this problem focusing on the Dirac field minimally coupled to gravity in
(co)moving charts of the de Sitter expanding universe [2].
The first solutions of the free Dirac equation in a moving charts with
proper time and spherical coordinates were derived by Shishkin [3] and nor-
malized in Ref. [4]. We derived other solutions of this equation but in moving
charts with Cartesian coordinates where we considered the helicity basis in
momentum representation [5]. These solutions are well-normalized and sat-
isfy the usual completeness relations. Notice that there are other attempts to
write down solutions in momentum representation but these are not correctly
normalized [6, 7].
A specific problem arising in the case of the helicity bases is that the
solutions in the rest frames remain undefined since the helicity does not
make sense for vanishing momentum. For this reason it is worth analyzing
other spinor bases in which the polarization can be defined even for the
particles at rest, as in the case of the spin basis [8] considered already in
[6, 7]. The technical problem here is that the limits of the Dirac spinors
for vanishing momentum are not trivial because of some undefined phase
factors of the functions giving the time modulation of these spinors. On the
other hand, the Dirac equation in the rest frames has well-defined solutions
which can be interpreted as rest spinors. Under such circumstances, we must
look for suitable momentum-dependent phase factors of the Dirac spinors so
that their limits for vanishing momentum should be just the mentioned rest
spinors. In what follows we present this procedure.
Let us consider (M, g) be the de Sitter expanding universe of radius 1
ω
where the notation ω stands for its Hubble constant. We choose the moving
chart {t, ~x} of the conformal time, t ∈ (−∞, 0], Cartesian coordinates and
the line element
ds2 =
1
(ωt)2
(
dt2 − d~x · d~x
)
, (1)
which covers the expanding part of the de Sitter manifold. In addition, we
use the non-holonomic frames defined by the tetrad fields which have only
2
diagonal components,
e00 = −ωt , e
i
j = −δ
i
j ωt , eˆ
0
0 = −
1
ωt
, eˆij = −δ
i
j
1
ωt
. (2)
In this tetrad-gauge, the free Dirac equation, EDψ = mψ, which is governed
by the Dirac operator
ED = −iωt
(
γ0∂t + γ
i∂i
)
+
3iω
2
γ0 , (3)
can be analytically solved obtaining the momentum and energy bases with
correct normalization factors [5, 9].
The plane wave solutions of the momentum basis and arbitrary polariza-
tion σ can be derived as in Ref. [5] starting with the mode expansion
ψ(t, ~x) =
∫
d3p
∑
σ
[
U~p,σ(x)a(~p, σ) + V~p,σ(x)a
c†(~p, σ)
]
, (4)
and solving then the Dirac equation in the standard representation of the
Dirac matrices (with diagonal γ0). Thus we obtain the particle and antipar-
ticle fundamental solutions,
U~p,σ(t, ~x ) = iN(ωt)
2
(
eπµ/2H(1)ν− (−pt) ξσ
e−πµ/2H(1)ν+ (−pt)
~p·~σ
p
ξσ
)
ei~p·~x (5)
V~p,σ(t, ~x ) = −iN(ωt)
2
(
e−πµ/2H(2)ν− (−pt)
~p·~σ
p
ησ
eπµ/2H(2)ν+ (−pt) ησ
)
e−i~p·~x , (6)
where p = |~p|, H(1,2)ν± are the Hankel functions of indices ν± =
1
2
± iµ, with
µ = m
ω
, while
N =
1
2(2π)3/2
√
πp
ω
, (7)
is the normalization constant which assures the good orthonormalization
and completeness properties [5]. These properties do not depend on the
concrete choice of the Pauli spinors ξσ and ησ = iσ2(ξσ)
∗ if these are correctly
normalized as ξ+σ ξσ′ = η
+
σ ησ′ = δσσ′ . In Ref. [5] we used the Pauli spinors of
the helicity basis in which the direction of the spin projection is just that of
the momentum ~p. However, we can project the spin on an arbitrary direction,
independent on ~p, as in the case of the spin basis [8] where ξ 1
2
= (1, 0)T
and ξ− 1
2
= (0, 1)T for particles and η 1
2
= (0,−1)T and η− 1
2
= (1, 0)T for
3
antiparticles. We consider here that the Pauli spinors of the solutions (5)
and (6) are those of the spin basis since these do make sense even in the
natural rest frame where ~p = 0.
Unfortunately, these solutions remain undefined for ~p = 0 since the phases
of the Hankel functions are undefined at this point (behaving as 0±i). On the
other hand, in the rest frame, the Dirac equation has well-defined solutions
of the spin basis that read
U˜0,σ(t) = N
′(−ωt)
i
ω
E+
0
(
ξσ
0
)
, (8)
V˜0,σ(t) = N
′′(−ωt)
i
ω
E−
0
(
0
ησ
)
. (9)
We note that in this frame the polarizations σ = ±1
2
represent the spin
projections on the third axis of the non-holonomic frame which in our gauge
(2) is parallel to that of the natural rest frame. The quantities E±0 = ±m−
3iω
2
are the particle/antiparticle rest energies whose last term is due to the decay
produced by the expansion of the de Sitter expanding universe [10]. The
normalization constants N ′ and N ′′ are not yet specified.
Hereby a delicate problem is arising, namely:
How the phases of the spinors (5) and (6) must be changed in order to obtain
fundamental solutions continuous on the whole space R3p, including the point
~p = 0
Obviously, we must solve this problem if we want to understand what hap-
pens with the particles at rest in the chart {t, ~x}.
The solution is not trivial even though the spinors (5) and (6) are defined
up to arbitrary phase factors which do not affect the relativistic scalar prod-
uct. This is because in the de Sitter case there are conserved quantities whose
forms are determined by the choice of some phase factors depending on ~p.
Let us explain this mechanism concentrating on the conserved one-particle
operators associated to the de Sitter symmetries [5].
Under canonical quantization, the particle (a, a†) and antiparticle (ac, ac†)
field operators satisfy the non-vanishing anti-commutators [5]
{a(~p, σ), a†(~p ′, σ′)} = {ac(~p, σ), ac†(~p ′, σ′)} = δσσ′δ
3(~p− ~p ′) . (10)
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The principal one-particle operators are the (electric) charge operator
Q =
∫
d3p
∑
σ
[
a†(~p, σ)a(~p, σ)− ac†(~p, σ)ac(~p, σ)
]
(11)
and the components of the momentum operator,
P i =
∫
d3p pi
∑
σ
[
a†(~p, σ)a(~p, σ) + ac†(~p, σ)ac(~p, σ)
]
, (12)
which are diagonal in the momentum basis. The polarization operator is also
diagonal but its form depends on the direction along which one measures the
spin projection. The energy operator, H, is conserved but is not diagonal in
the momentum basis since it does not commute with P i. Nevertheless, this
may be written in momentum representation as [5],
H = H[a, ac] =
iω
2
∫
d3p pi
∑
σ
[
a†(~p, σ)
↔
∂ pi a(~p, σ) + a
c†(~p, σ)
↔
∂ pi a
c(~p, σ)
]
(13)
where we use the notation f
↔
∂ h = f∂h− (∂f)h.
We arrive now at the tool able to solve our problem. We have shown
that there exists momentum-dependent U(1) phase transformations which
play a central role in interpreting the energy operator [5]. These transform
simultaneously the spinors,
U~p,σ(t, ~x ) → U˜~p,σ(t, ~x ) = e
−iχ(~p)U~p,σ(t, ~x ) , (14)
V~p,σ(t, ~x ) → V˜~p,σ(t, ~x ) = e
iχ(~p)V~p,σ(t, ~x ) , (15)
and the field operators,
a(~p, σ) → a˜(~p, σ) = eiχ(~p)a(~p, σ) , (16)
ac(~p, σ) → a˜c(~p, σ) = eiχ(~p)ac(~p, σ) , (17)
with phase factors depending on real functions χ(~p). Any such transformation
preserves the form of the field (4) and the operators Q and Pi but changes
the form of the energy operator as
H = H[a˜, a˜c] +Hχ[a˜, a˜
c] , (18)
where H [a˜, a˜c] has the same form as in equation (13) and
Hχ[a˜, a˜
c] = ω
∫
d3p [pi∂piχ(~p)]
∑
σ
[
a˜†(~p, σ)a˜(~p, σ) + a˜c †(~p, σ)a˜c(~p, σ)
]
. (19)
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This phenomenon is new since in the flat case there are no similar transfor-
mations able to change the expressions of the one-particle operators.
With these preparations we can solve our problem assuming that the
phase function χ(~p) of the transformed spinors must be fixed so that the
limits of these spinors at ~p = 0 do make sense and coincide to the rest
solutions (8) and (9). Taking into account that N includes the factor
(
p
ω
) 1
2
and using the limits of the Hankel functions,
lim
x→0
xνH(1)ν (αx) = − limx→0
xνH(2)ν (αx) =
1
iπ
(
2
α
)ν
Γ(ν) , (20)
that hold for ℜν > 0, we find that:
The transformed spinors U˜~p,σ(t, ~x ) and V˜~p,σ(t, ~x ) have well-defined limits at
~p = 0 if their phase function satisfies
lim
~p→0
[
χ(~p)− µ ln
(
p
ω
)]
= 0 . (21)
With such phases, the transformed spinors become continuous on the whole
momentum space since the indetermination of ~p·~σ
p
at ~p = 0 is rather appar-
ently as long as such terms do not appear in the Dirac equation written for
~p = 0. Moreover, we can determine the definitive form of the rest spinors (8)
and (9) assuming that,
lim
~p→0
U˜~p,σ = U˜0,σ , lim
~p→0
V˜~p,σ = V˜0,σ . (22)
The resulting normalization constants,
N ′ = (N ′′)∗ =
e
piµ
2
−iµ ln 2
(2π)2
Γ
(
1
2
− iµ
)
, (23)
satisfy |N ′| = |N ′′| = (2π)−
3
2 (1 + e−2πµ)
− 1
2 .
Hence our problem is completely solved. It is remarkable that there are
many phase functions obeying the condition (21). The simplest particular
case is of the choice
χ(~p) = µ ln
(
p
ω
)
(24)
for which the term (19) takes the form Hχ[a˜, a˜c] = mN where
N =
∫
d3p
∑
σ
[
a˜†(~p, σ)a˜(~p, σ) + a˜c †(~p, σ)a˜c(~p, σ)
]
, (25)
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is the operator of the number of particles. In other words, this phase fixing
separates just the real part of the rest energy which is the same as in special
relativity. A more interesting separation can be done by choosing the phase
function
χ(~p) =
(
µ2 +
p2
ω2
) 1
2
− µ arctanhµ
(
µ2 +
p2
ω2
)− 1
2
+ µ (ln 2µ− 1) (26)
which satisfies the condition (21) giving rise to the term
Hχ[a˜, a˜
c] =
∫
d3p
√
m2 + ~p 2
∑
σ
[
a˜†(~p, σ)a˜(~p, σ) + a˜c †(~p, σ)a˜c(~p, σ)
]
, (27)
representing the energy operator of special relativity (when ω → 0). This
result could be useful for studying the flat limit of our theory which is faced
with serious mathematical difficulties arising from the fact that one can not
evaluate the limits for ω → 0 of the Hankel functions of the spinors (5) and
(6) by using analytical methods [5].
The conclusion is that the phase functions can be chosen in order to write
down the continuous Dirac quantum modes of the spin basis which are well-
defined on the whole momentum space. In this basis and the gauge (2) the
polarization is measured with respect to the third axis of the natural rest
frame. Obviously, this direction can be changed at any time by changing the
gauge (2) rotating the axes of the local frames. These results will allow one
to calculate the amplitudes of the quantum transitions involving fermions
in gravitational fields whose polarizations are measured with respect to the
fixed directions of the experimental devices. Of a special interest could be
the study of the particle creation on the de Sitter expanding universe using
perturbations in a further quantum field theory which may complete the
results obtained so far using the WKB method [13, 14, 15].
Finally we observe that the method presented here works only for ℜν 6= 0.
This is useless for the scalar [11] or massive vector [12] fields minimally
coupled to the de Sitter gravity since in both these cases ℜν = 0. This
means that the limits at ~p = 0 of the mode functions of these fields are
undefined as long as these remain minimally coupled to the de Sitter gravity.
This could be an argument for considering other types of couplings of the
scalar and massive vector fields.
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